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HAUSDORFF MEASURE FUNCTIONS IN THE
SPACE OF
COMPACT SUBSETS OF THE UNIT INTERVAL
BY

P. R. GOODEY

ABSTRACT. The work done in this paper is the result of an attempt to
classify those functions 4 for which the corresponding Hausdorfl measure of
%[0, 1] is zero. A partial characterization is achieved and in doing this some
problems of E. Boardman are solved.

Introduction. If C is a compact nonempty subset of R' then §[C] denotes
the compact metric space consisting of all nonempty compact subsets C
endowed with the Hausdorfl metric. If A is a continuous, increasing function
defined on the nonnegative real numbers with A(0) = 0 we shall denote by
h — m the Hausdorff measure generated by A (see [3]). In [1] it is shown that
for each function h either h — m(%[0,1]) = 0 or %[0, 1] has non-o-finite A-
measure. For a > 0, the functions &, g, are defined by

hy() =2"" and g () =2 fort>0

and h,(0) = g,(0) = 0. Then Boardman shows that g, — m(%[0, 1]) = oo for
all 0 < a < 1 and that i — m(%[0, 1]) = 0. The evaluation of

h, = m(%[0,1]) for0<a<1

is left as an open problem.
The work done in this paper is the result of an attempt to classify those
functions A for which A — m(%[0, 1]) = 0. The main result is

THEOREM 1. Let h be such that liminf, _o{—(x logh(x))-l} < 0, then
h - m(%[0,1]) = 0.

Thus it follows that h, — m(%[0, 1]) = 0 whenever0 < a < 1. We observe,
from [1), that if there is an a < 1 with liminf,_o{—(x*logh(x))™ }> 0, then
h — m(%[0,1]) = 0. It is clear, therefore, that this characterization is only
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partial as it gives Jo information about those functions for which
lim, _o{—(x log h(x))~ '} = o0, and yet liminf oo{—(x*logh(x))~ Y =0 for
alla < 1. We shall denote by % the collection of all such functions. Now if
£(x) = 277 then, by Theorem 1, £, — m(8[0,1]) = 0 forn = 1,2,

But by a result of Rogers and Taylor [4] there is a function A such that
h — m(%[0,1]) = 0 and lim _,o+j;,(x)(h(x)) = 0forn=1,2,....So there
is a function & € € for which A — m(%[0, 1]) = 0. Conversely, it follows, by
a slight generalization of the methods of [1], that

THEOREM 2. There is a function h € % for which h — m(%[0,1]) = oo.

If we combine these results with some work of Dvoretzky [2] we see that if
the unit interval has o-finite h-measure then 2~%"' — m([0, 1]) = 0. This is
interesting in that it relates some properties of [0, 1] to some of ¥[0, 1], and
thus might suggest working in the more general setting of an arbitrary compact
set K in place of [0, 1]. Unfortunately, one of our examples, combined with
Dvoretzky’s result also shows there is a functlon h such that the unit interval
has non-o-finite h-measure and yet 2" — m(§{0,1]) = 0.

I should like to thank E. Boardman for providing me with a preprint of her
paper [1] and for the interesting correspondence we had concerning this work.
I am also indebted to the referee for his constructive criticism of an earlier
form of this paper.

Preliminaries. Let C be a compact nonempty subset of R' and let x €C
fori=1,2,...,n; then {x,,xz, .»X,} € F[C]. The sphere in §[C], centre
{xps X3, 00 0rx } and radius r is precisely the set of compact subsets XK of C such
that K N [x,— r,x; + 1] # Bfori=1,2,...,n Alsoif C C Uj_,J where
the J; are closed intervals each of length /, then for K € F[C), K € F[U,e 1]
and KN I, # & for each i € A where 4 is some nonempty subset of
{1,2,...,1. In fact K belongs to the sphere in F[Uj.., ], centre {x,};c 4 and
radius §/ where x; is the midpoint of J. Thus $[C] is contained in a union of
2" — 1 spheres each of diameter /.

Proof of Theorem 1.

LemMA 1. Leta € (0,1), S = {x;} be a sequence of positive real numbers with
lim, % = 0 and [, (j = 1,2,...,1) be closed intervals such that 1 d(l)
< a. Then, gwen any e > 0, there is a sequence {8, }:’,, of sets such that
F[U. L] € UN\8,, S0 h,(d,)) < eand d,) € Sforn=1,2,.

N.

ProoF. Let 7 > 0 be such that 3;_, d(]) < « — 9. Choose iy such that,
for i > iy, 27 < 6. Now I can be covered by [d(Z)x; "1+ 1 closed
intervals each length x;, where the square brackets denote the integer part
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function. Thus Uj_,J can be covered by N(i) = 3., {[d(Ij)xi"] + 1}
closed intervals each of length x;. Now

!
N(i) < x,-"jgl dI) +t < (a—n)x;' +1
and so

(2N(,) - Dhy(x) < ola=n)xi ! +1-axi? <e

Denote by {8,} any enumeration of the sets of compact subsets of the
nonempty subcollections of the covering intervals each of length x; This
completes the proof of the lemma.

LEMMA 2. Let a and S be as in Lemma 1 and denote by % («) those compact
sets of Lebesgue measure < a. Then, given any ¢ > 0, there is a sequence (8,} of
sets such that $(a) C UX.,8,, Spe; h,(d(6,)) < eandd(8,) € Sforn =1,
2,...

ProoF. Let K € F(a); then there is a finite covenng Js By oe0y Jyof Kby
open intervals with rational endpoints such that 3., d(J}) < a. For i=1,
2,...,tput [, = J,. Then the intervals J, b, ..., ], satisfy the conditions of
Lemma 1 and K € %[ Uf,,le]. Now there are only enumerably many closed
intervals with rational endpoints and thus only enumerably many finite
unions of such closed intervals. So we may denote by §, 9,, ... those of the
finite unions of intervals whose total length is less than a. Then by Lemma 1
there is, for each 1nteger J» a sequence {8 }n_,) of sets such that F[§]

UM Dsl; SN hy(a(e) < 27 and d&) e Storn=1,2, ..., N).
But we have shown that F (a) C UL %[4] and so

o N(j) j o N(j) .
F@c U Ush 3 3 h(d6)<e
Jj=ln=1 Jj=1 j=1

and d(8)) € Sforn=1,2,...,N(j)andj = 1,2, .... This completes the
proof of the lemma.
Fors = 3,4,... weput

25 — 170729 0 | \ (/29 57 25-1
m () ) e
and observe, using Stirling’s Formula, that a, = 06 V) as s > .

LEMMA 3. Let S = {x;} be as in Lemma 1 and let 1, I, ..., I, be closed
intervals such that E},l d(I) < 1. For each s > 3, given any ¢ > 0, there is a
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sequence (8,} of sets such that 5[Uj_, ] C UX.\8,, S, h, (d(8,)) < eand
d@,) € Sforn=1,2,....

Proor. The proof of this lemma is in two sections.

(@) Let I, I, ..., 1, and S be as in the statement of the lemma. For each
s >3, given any e >0, there is a sequence {8,} of sets such that
SUm LI\F (25 - 1)/25) C UsL,8,, She b, (d6,)) < & and d@,) € S
Jorn=1,2,....

Now for each i, U/_ can be covered by N(i) = 2;-1 {[a()x; N+1)
closed intervals each of length x;. Let [/, I, ..., Iy;) be an enumeration of
the intervals. Then if K € ?[U}_,Ij]\‘?i((zs - l)/2s8, cardinality {j: K N Ij'
% @) > (25 — 1)/2s. Thus, for each i, F[U/_ J]\§((2s — 1)/25) is con-
tainedinasetof M = 3 {(”,f')): (2s — 1)/2sx; € k < N(i)} spheres each of
diameter x;

Now the number of terms in M is O(x;"!) and the binomial coefficients can
be estimated by Stirling’s Formula. We find, for any fixed n > 0, an estimate
of the form

LA -1 ,
Mh, (x;) = o((b; 12=a+1)y a5 — oo,
So we need to prove that 2% < b, for all s > 3. This can easily be verified
for s = 3. For s > 4 we use the inequality
292> e> (1 + 1/@2s - 1))*7
to show that

2s -1 2s -1 1 1
2s log 2s >§1°gﬁ'

It is thus sufficient to prove that, for s > 4 we have

a,log2 + (3/4s)log(1/2s) > 0.
We observe that since 2s > & > 1+ l/s)z’ we have

3 1 3 1
s+ 1) 9825+ 2 > 45 10835

Using this fact we can easily deduce the required inequalities by induction on
s and so (a) is proved.

(b) Let S be as in the statement of the lemma and let I, L, . . ., 1, be closed
intervals such that 2},, d(lj) < (25 = 1)/2s. For each s > 3, given any ¢ > 0,
there is a sequence {8,} of sets such that F[U;_[]\%(a,) C U%,8,;

et ho,(d8,)) < eandd8,) € S forn =1,2,.... :
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This is proved by induction on s. For s = 3 the statement is trivial since in
that case [U'_lI \%(a,) = D. Now assume it is true for some s > 3 and let
IL,h,....1 be ciosed intervals with Sia1 d(I) < (2s + 1)/(2s + 2). Then

2 d(2s+2 )<l

2s+ 17

and

t2s + 25+ 2 2s—1
s[SEr\sw e ([o 3]\« ()
2s —
o (5(22) \sw)
But, by (a), there is a sequence {82} of sets such that
' 2s + 2 2s -1 0 0, x 0 l
2s + l’]\ ( 2s ) < nglg"’ ngl h,(d(6,)) < 3
and d(e,?) € (2s+2)S/2s+ N)forn=12,....

Let %, 9, ... be an enumeration of all the finite unions of closed intervals
with rational endpoints whose total length is less than (25 — 1)/2s. Then

2s — 0
5(%5 )\ (@) © O 615]\5(ay).
By induction hypothesis, for each i, there is a sequence {8}} of sets such that
o0 . o0 .
FENT@) € UG 3 h,[@6)) < 27!
= "=

and d(8) € (25 + 2)S/(2s + ) forn = 1,2, .... Hence

! © 25+ 1
@Lg}g]\@(«m) c U,,U12s+2 o

d(@2s+ 1)8,/(2s +2)) = 2s + 1)d(8))/(2s +2) € Sforn=1,2,... and
i=012...;and

S 3 h,,((12516)) = 3 3 A @) <e
i=0 n=1 %t 2S +27n i=0n=1 % " '
This completes the induction and so (b) is proved.
We saw, in the proof, how (b) implies that given ¢ > O there is a sequence
{8,} of sets such that
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qf(-z—s—z-;——l)\@(a,) c "L:JIQ,,; él h, (dG,)) < e

and d(8,) € Sforn = 1,2, .... Combining this fact with (a) and Lemma 2
we easily deduce Lemma 3.

LEMMA 4. Let a and S be as in Lemma 1 and let € > 0 be given. Then there
are sets (8,} such that 5[0,1] C UpL,8,; Spe; b, (d(8,)) <. eand d(8,) € S
forn=12,....

PrOOF. Choose s > 3 so that 0 < a, < a. By Lemma 3 there are sets {8,}
such that [0,1] C Up%,8,; 2,2 b, (d(68,)) < eand d(8,) € Sforn =1,
2,....Thus

$ @) < 3 huE)<e

as required.

PROOF OF THEOREM 1. Let A = liminf,_,o{~(x logh(x))™'), then 0 < 4 <
0. Choose a € (0,1) so that A log2 < a~!. Then there is a sequence
S = {x,} of positive real numbers with lim,_,,, x, = 0 and —(xlogh(x,)) "
< (alog2) fori=12,....Hence h(x;) < h,(x;) fori = 1,2,.... Thus,
by Lemma 4, given any e > 0 there are sets {8,} such that $[0,1] C U3%,8,;

nm1 he(d(8,)) < eand d(8,) € Sforn=1,2,.... Hence

$ mae) < £ nae) <e
and so h — m(%[0,1]) = 0 as required.
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