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HAUSDORFF MEASURE FUNCTIONS IN THE
SPACE OF

COMPACT SUBSETS OF THE UNIT INTERVAL

BY

P. R. GOODEY

Abstract. The work done in this paper is the result of an attempt to

classify those functions h for which the corresponding Hausdorff measure of

?[0,1] is zero. A partial characterization is achieved and in doing this some

problems of E. Boardman are solved.

Introduction. If C is a compact nonempty subset of R1 then 9[C] denotes

the compact metric space consisting of all nonempty compact subsets C

endowed with the Hausdorff metric. If A is a continuous, increasing function

defined on the nonnegative real numbers with A(0) = 0 we shall denote by

A - m the Hausdorff measure generated by A (see [3]). In [1] it is shown that

for each function A either A - m(9[0,1]) = 0 or 9[0,1] has non-a-finite A-

measure. For a > 0, the functions Aa, ga are defined by

*«(') = 2-°'"'   and   ga(/) = 2-'""   for / > 0

and Aa(0) = ga(0) = 0. Then Boardman shows thatga - m(9[Q, 1]) = oo for

all 0 < a < 1 and that A, - m(9[0,1]) = 0. The evaluation of

ha - m(9[0,1])   for 0 < a < 1

is left as an open problem.

The work done in this paper is the result of an attempt to classify those

functions A for which A - m(9[0,1]) = 0. The main result is

Theorem 1. Let A be such that liminfx_0{-(* logh(x))~l) < co, then

A - m(9[0,1]) = 0.

Thus it follows that ha - m(9[0,1]) = 0 whenever 0 < a < 1. We observe,

from [1], that if there is an a < 1 with liminfJC_k0{-(x°logA(x))~ } > 0, then

A - m(9[0,1]) = oo. It is clear, therefore, that this characterization is only

Received by the editors January 29, 1974 and, in revised form, November 25, 1975.

AMS (MOS) subject classifications (1970). Primary 28A10.

203

C American Mathematical Society 1977



204 P. R. GOODEY

partial as it gives no information about those functions for which

lim^oHx logh(x))~l) = oo, and yet liminf^0{-(xolog/I(x)^,} = 0 for

all a < 1. We shall denote by % the collection of all such functions. Now if

fn(x) = 2-{nx)'\ then, by Theorem 1, /„ - m(<5[0,1]) - 0 for « - 1, 2.

But by a result of Rogers and Taylor [4] there is a function h such that

h - m($[0,1]) - 0 and \imx^0+fn(x)(h(x))~l - 0 for n - 1, 2,.... So there

is a function h G % for which h - m(iF[0,1]) = 0. Conversely, it follows, by

a slight generalization of the methods of [1], that

Theorem 2. There is a function h G %for which h - m($[0,1]) = oo.

If we combine these results with some work of Dvoretzky [2] we see that if

the unit interval has o-finite A-measure then 2~h~ — m(SF[0,1]) = 0. This is

interesting in that it relates some properties of [0, 1] to some of SF[0,1], and

thus might suggest working in the more general setting of an arbitrary compact

set K. in place of [0, 1]. Unfortunately, one of our examples, combined with

Dvoretzky's result also shows there is a function h such that the unit interval

has non-o-finite A-measure and yet 2~*   - m(iF[0,1]) = 0.

I should like to thank E. Boardman for providing me with a preprint of her

paper [1] and for the interesting correspondence we had concerning this work.

I am also indebted to the referee for his constructive criticism of an earlier

form of this paper.

Preliminaries. Let C be a compact nonempty subset of Rl and let x¡ G C

for / — 1, 2,..., n; then {xj,x2,... ,xn) E SF[C]. The sphere in $[C], centre

{xj, x2,..., x„) and radius r is precisely the set of compact subsets K of C such

that K n [x, - r,x¡ + r] * 0 for i = 1, 2, .... n. Also if C C U{_17/ where

the I¡ are closed intervals each of length /, then for K G <>F[C], K E 9[ U¡eAI¡]

and K n I¡ =£ 0 for each i G A where A is some nonempty subset of

{1,2,...,/}. In fact K belongs to the sphere in ÍF[ (/,'_! 7], centre {x¡}ieA and

radius \l where x, is the midpoint of JJ. Thus SF[C] is contained in a union of

2' - 1 spheres each of diameter /.

Proof of Theorem 1.

Lemma 1. Let a G (0,1), S = {x(} be a sequence of positive real numbers with

lim/_>00x/ = 0 and Ij(j — 1.2./) be closed intervals such that 2j_, d(Ij)

< a. Then, given any e > 0, there is a sequence {ân}„=1 of sets such that

nuj-ilj] C U^,8„, 2iLj K(d(ên)) < e and d(8„) G S for n = 1, 2.
iV.

Proof. Let t> > 0 be such that 2j-i d(L) < o - ij. Choose i0 such that,

for í > /0, 2'~nxr < e. Now L can be covered by [d(Ij)x¡~1] + 1 closed

intervals each length x(-, where the square brackets denote the integer part
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function. Thus Uj^lj can be covered by N(i) - 2j=i {[d(Ij)x^1] + 1}

closed intervals each of length x¡. Now

N(i) < x~x 2 d(Ij) + t < (a - ij)*,-1 + /

and so

(2N(f) - l)ha(x¡) < 2(a-i>*'~1+'-«*r' < £>

Denote by {<?„} any enumeration of the sets of compact subsets of the

nonempty subcollections of the covering intervals each of length x¡. This

completes the proof of the lemma.

Lemma 2. Let a and S be as in Lemma 1 and denote by 9(a) those compact

sets qfLebesgue measure < o. Then, given any e > 0, there is a sequence {Qn) of

sets such that 9(a) C U^xSn, 2n°°-i ha(d(V) < e andd(S„) E S for n = I,

2.

Proof. Let K E 9(a); then there is a finite covering Jx, J2, ...,J,ofKby

open intervals with rational endpoints such that 2'-i d(J¡) < «• For i = 1,

2,..., / put Ij = fj. Then the intervals Ix, I2, ..., I, satisfy the conditions of

Lemma 1 and K E 9[Uj=\Ij}. Now there are only enumerably many closed

intervals with rational endpoints and thus only enumerably many finite

unions of such closed intervals. So we may denote by $x, i2,... those of the

finite unions of intervals whose total length is less than a. Then by Lemma 1

there is, for each integer /, a sequence {%)n^x of sets such that 9[ij\

C UÄ; 2ffi) *.(¿vp < £2"y and d(@¡) E S for n - 1, 2,..., NU).
But we have shown that 9(a) C UJLx9[ij] and so

oo n(j)  ,      » NO)
9(a) CU  U@{;    2   2 ha(d(H))< «

j" I n-1 y= 1 y= j

and d(§{) E S for n = 1, 2,..., /v'C/) and/ = 1, 2.This completes the

proof of the lemma.

For s = 3,4, ... we put

.       /2s-l\«2s-l)M/l\W 5   7       2,-1
b° = {-2r)       [ts)    ' a*-6î--iT"

and observe, using Stirling's Formula, that as = 0(s~x^2) as s -* oo.

Lemma 3. Let S = {x¡} be as in Lemma 1 aw/ let Ix, I2,..., It be closed

intervals such that 2j=i d(L) < 1. For eacA s > 3, g/t/en anv e > 0, /Aere b a



206 P. R. GOODEY

sequence (§„} of sets such that 9[UJ=XL] C Un°°=Iê„, 2"=, hai(d(Q„)) < e and

d(Sn) E Sforn= 1,2, ....

Proof. The proof of this lemma is in two sections.

(a) Let 7[, 72, ..., I, and S be as in the statement of the lemma. For each

s > 3, given any e > 0, there is a sequence {§„} of sets such that

^[Uj.,7;]\f ((2s - l)/25) C U^x§„, 2*_, Kt(d(%)) < i and d(§„) G S
for n = 1,2.

Now for each /, Uj,,7} can be covered by N(i) = 2j_. {[d(Ij)xfl] + 1}

closed intervals each of length x¡. Let //, 72',..., 7^) be an enumeration of

the intervals. Then if K G í[Uj_,^]\ff((2j - 1)/2j), cardinality {/: K D ij

# 0} > (2s - l)/2s. Thus, for each », <»[UJ=xIj]\€((2s - I)/2s) is con-
tained in a set of M = 2 {(T)' (2s - 1)/2j^ < k < 7V(/)} spheres each of
diameter x,-.

Now the number of terms in M is 0(x¡~1) and the binomial coefficients can

be estimated by Stirling's Formula. We find, for any fixed tj > 0, an estimate

of the form

MAjx,0 = O((6;12-o<+Vr')   as/-oo.

So we need to prove that 2~a' < bs for all s > 3. This can easily be verified

for j = 3. For s > 4 we use the inequality

(2*),/2 > e >(1 + 1/(25 - l))2'-'

to show that

2s- 1 .    2i - 1 .    1 ,     1
-2l~l0S^7->4ll0S2l-

It is thus sufficient to prove that, for s > 4 we have

a, log 2 + (3/4j)log(l/2i) > 0.

We observe that since 2s > e2 > (1 + 1/j)21 we have

_3_    ,        1     ^  3 ,     1
2(2sTT)l0g2s-Tl>4-sl0^Ts-

Using this fact we can easily deduce the required inequalities by induction on

s and so (a) is proved.

(b) Let S be as in the statement of the lemma and let IX,I2, ..., I, be closed

intervals such that 2j=i d(Ij) < (2i - 1)/2j. For each s > 3, given any e > 0,

there is a sequence {§„} of sets such that <¡t[(jj=xlj]\<3(as) C U"=19„;

2?-1 haj(d(Sn)) < e and d(Sn) E S for n = 1,2, ....
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This is proved by induction on s. For 5 = 3 the statement is trivial since in

that case 9[ Uj=, L]\9(as) = 0. Now assume it is true for some 5 > 3 and let

/,, I2,...,/, be closed intervals with 2j»j d(L) < (2s + I)/(2s + 2). Then

ji <£&)<■

and

But, by (a), there is a sequence {S°} of sets such that

•Lá&frjVí^) «= Ä* J, *••«)) <J.
and </(gJ}) G (2j + 2)S/(2j + 1) for n = 1, 2,....

Let 5X, 52,... be an enumeration of all the finite unions of closed intervals

with rational endpoints whose total length is less than (2s - l)/2s. Then

9(^jrf\*W c 5,(*W(«.))-
By induction hypothesis, for each i, there is a sequence {§ln} of sets such that

9[5i]\9(as)C  U§'n;    2 hai(d(Qn))< e2-'-1
"=1 n=l

and rf(#) e (2j + 2)S/(2s + 1) for « = 1,2.Hence

r '     ~l\ 00   » 9r + 1   .

fU*]W«)í:i4¿Í.E7l4
rf((2j + l)§n/(2s + 2)) - (2, + l)d(S'„)/(2s + 2) E S for n = 1, 2,... and
1 = 0, 1, 2, ... ; and

f2°° // 2v + 1   -\ \       00»

,?„ J, V, (('jrrk) ) - 2,?, vfO) < «.
This completes the induction and so (b) is proved.

We saw, in the proof, how (b) implies that given e > 0 there is a sequence

{!?„} of sets such that
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K^rA^ c ¿s«: Ji **W) < e

and d(@n) G 5 for n = 1, 2.Combining this fact with (a) and Lemma 2

we easily deduce Lemma 3.

Lemma 4. Let a and S be as in Lemma 1 and let e > 0 ¿e g/i/en. Then there

are sets {Qn) such that 9[0, l] C U^.g,; 2„°°-i K(d(%)) < * and d(ß„) G 5

for n = 1, 2, ....

Proof. Choose s > 3 so that 0 < a, < a. By Lemma 3 there are sets {§„}

such that ̂ [0,1] C Uf.,8,,; 2?-, K.W) < « and d(S„) E S for n = I,
2.Thus

2 ha(d(9H)) < 2 hai(d(§„)) < e
n=\ n=l

as required.

Proof of Theorem 1. Let A = liminf^oi-Oc logAW)-1}, then 0 < A <

oo. Choose a G (0,1) so that A log2 < of1. Then there is a sequence

S = {*,} of positive real numbers with Um^^x, = 0 and -(xjlogALx,))-

< (a log2)    for i = 1,2.Hence h(x¡) < ha(x¡) for / = 1, 2,.... Thus,

by Lemma 4, given any e > 0 there are sets {§„} such that 9[0,1] C L£Liô„ ;

2fl°°-i ha(d(V) < ■ and rf(g„) G 5 for n = 1, 2.Hence

2 h(d(@n)) < 2 Aa(a-(g,,)) < e
n—1 n=l

and so A - m(9[Q, 1]) = 0 as required.
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